I. INTRODUCTION
In a collision between two ions the process that brings them to form a single composite system is called fusion. The simplest description of this process considers the two ions as rigid spherical objects that interact via a repulsive, Coulomb, plus an attractive, nuclear, potentials depending only on the relative center-of-mass distance. Fusion is, in this model, described as the ability of the system to penetrate the potential energy barrier. A systematic study of fusion data with this model can be found in Ref.
͓1͔.
However, many experiments have shown that the barrier penetration model is inadequate for the description of the observed cross sections, at energies below the Coulomb barrier the model underpredicts, of several orders of magnitude, the observed values ͓2͔. These discrepancies have been readily attributed to the effect of coupling of the relative motion to the internal degrees of freedom of the two colliding ions. The factors that have been identified as playing a major role in the enhancement of the sub-barrier fusion are permanent nuclear deformation, coupling to the low-lying nuclear excited states, and, possibly, particle transfer ͑in particular neutrons͒. In a simple approximation, where one neglects the excitation energy of the reaction channels, one can interpret the effect of the couplings as giving rise to a distribution of barriers which drastically alters the fusion probability from its value calculated with a single barrier ͓3͔.
Following this idea a method was proposed ͓4͔ for extracting the barrier distribution from accurate measurements of the fusion excitation function (E) by taking the second derivative with respect to the center-of-mass energy ͑E͒ of the quantity E(E). While the fusion excitation function is almost featureless, the barrier distributions display a very sensitive pattern as a function of the different colliding partners so that the effects of the couplings are shown explicitly.
From a theoretical point of view, the standard way to address the influence of the coupling between the relative motion and the intrinsic degrees of freedom is through the use of the coupled-channels formalism. This implies that very large numerical calculations should be done in order to describe the low-energy fusion data. These calculations, over the years, have been done with several degrees of sophistication including couplings to static deformation, to vibrational states and, to some degree, also to transfer channels ͓5-10͔. All these calculations have been able to describe quite well the excitation function while they had several problems in the description of the barrier distributions.
In this contribution we will describe fusion excitation functions and barrier distributions using the semiclassical model developed in Refs. ͓11,12͔ where the coupling to the low-lying surface modes and the transfer of nucleons ͑neu-trons and protons͒ are taken explicitly into account in a semiclassical approximation. The same model has been successfully applied to the study of multinucleon transfer reactions and to the description of the transition between the quasielastic reactions and the more complicated deep-inelastic collisions. The paper after a detailed summary of the theoretical concepts ͑Sec. II͒ applies the obtained results to calculate fusion excitation functions and barrier distributions for several combinations of targets and projectiles ͑Sec. III͒.
II. THE THEORY
From the study of heavy-ion reactions we have learned that the transition from the grazing regime to the more complicated deep-inelastic regime may be described quite well in the semiclassical approximation in term of the well known form factors for single-nucleon transfer and the excitation of the low-lying surface vibrations. In term of these building blocks the Hamiltonian is written in the form
where for the projectile ͑a͒ we can write
The first sum defines the single particle Hamiltonian, the operators a † (a) are the fermion operators that create ͑anni-hilate͒ a particle on the single-particle level with energy ⑀ i and quantum number iϵ(nl jm), while the second sum defines the Hamiltonian for the excitation of the surface mode, a † (a ) are the boson operators for the creation ͑annihila-tion͒ of a phonon of multipolarity and energy ប . A similar expression holds for the Hamiltonian of the target system (A).
The interaction V int (t) has three terms
͑3͒
The first, responsible for transfer, is written in the form
where f a k a j Ј and f a k Јa j are the single particle stripping and pick-up form factors. The sum has to be extended over all single particle levels (a k ,a j Ј) of neutrons () and protons () of target and projectile. For the inelastic processes ͑ex-citation of surface vibrations͒ we write
where f A and f a are the nuclear plus Coulomb form factors for the excitation of the surface modes in the target and in the projectile. The last term of the interaction ⌬U aA takes into account the modification of the effective potential for the radial motion. The most important modifications are due to proton transfer, that alters the Coulomb potential, and the transfer of angular momentum due to the surface vibrations, that alters the centrifugal term ͑see below͒.
The time dependence of the interaction is obtained, in the semiclassical approximation, by solving the classical equation of motion in a nuclear plus Coulomb field. For the nuclear potential U aA we use the simple parametrization ͓13͔
whose parameters come from the knowledge of the nuclear densities and have been slightly adjusted through a systematic comparison of elastic scattering data. They are given by
where A i , Z i , and N i are the mass, charge, and neutron numbers of nucleus i. The Coulomb potential is taken to be of the usual point charge form. Neglecting the coupling terms, at a given center-of-mass energy E, the fusion cross section is written as
where T l (E) is the transmission probability through the potential barrier of partial wave l. At energies above the Coulomb barrier it is convenient to rewrite Eq. ͑10͒ in the sharp cutoff model where one assumes that T l ϭ1 for all partial waves leading to a distance of closest approach smaller than a certain value r c beyond which the two ions fuse. In this approximation one obtains
͑11͒
At energies close to or below the Coulomb barrier, the above approximation has to be modified by including the penetration probability through the barrier. Using the inverse parabolic approximation the transmission coefficient becomes
where E b is the barrier of the effective potential and b the frequency in the relative motion
The fusion cross section calculated with this transmission coefficient constitutes the no-coupling limit and, as mentioned in the Introduction, underestimates considerably the actual fusion cross section data. For the capture distance r c one usually uses the Coulomb barrier radius r B , but simple classical calculations demonstrate ͑see Refs. ͓14,15͔͒ that at short distances the reaction is strongly influenced by considering the deformation degrees of freedom ␣. These surface degrees of freedom may indeed give rise to instabilities ͑i.e., capture͒ for trajectories well outside the Coulomb barrier, i.e., for trajectories with an l value greater than the l grazing. In order to give an estimation of the capture angular momentum l c and the capture distance r c we have to study the problem of the merging of the two nuclear surfaces, in other words we must know if at the turning point the surface distance sϭrϪR a ϪR A will increase or decrease. From the classical equations of motion, at the turning point we can write
being the mass parameters of the surface modes of target and projectile.
If s Ͻ0, large deformation will occur and the system will merge to form a compound. The boundary of grazing reactions may thus be calculated from the condition that s ϭ0. that allow the determination of l c and r c . In actual cases these quantities are not calculated from the above simple estimation but by solving explicitly the classical equations of motion as in Ref.
͓15͔.
In the presence of couplings, the energy of relative motion is not well defined, an exchange of energy from the relative motion to the intrinsic degrees of freedom takes place, and thus the above formulas for the fusion cross section have to be modified to incorporate this effect. To illustrate these modifications we will follow the work of Refs. ͓11,12͔. Here we will only outline the main results referring to the above papers for details. To this purpose it is convenient to simplify the above Hamiltonian and consider only head-on collisions and a single surface mode in the target. The Hamiltonian becomes
It is convenient to express the solution of the problem in term of the characteristic function defined by the matrix element
͉⌿(t)͘ being the state vector of the system. The probability to have, at time t, an energy loss E may be calculated via the Fourier transform of this function
As is well known the system represented by Eq. ͑18͒ can be solved exactly; its characteristic function has the form
The function of Eq. ͑22͒ is the characteristic function of a Poisson distribution, thus the probability that the energy dissipated from the relative motion has a given value E(t) is
where N is an integer defining the number of phonons. The distribution has an average energy
and a standard deviation
It is interesting to notice that the energy distribution given by Eq. ͑24͒ does not start from zero but is shifted by an amount ⌬E
which corresponds to the adiabatic polarization term. The results obtained from the simple model indicate that the effect of the coupling may be taken into account by implying that the two ions move along a trajectory in the field:
with ͗E͘ the average energy loss given by Eq. ͑25͒. This means that at distance of closest approach the projectile meets a distribution of barriers with probabilities given by Eq. ͑24͒, the actual transmission coefficient is thus calculated by folding the transmission coefficient of Eq. ͑12͒ with the barrier distribution probability of Eq. ͑24͒. This result is very similar to the one obtained in Refs. ͓5,6,8,9͔; for more details see Ref.
͓12͔.
The role played by the angular momentum may be easily included in this semiclassical formalism, since for the penetrability of the barrier it is important to estimate the shift and the fluctuations of the radial component of the relative motion energy. In presence of angular momentum the Hamiltonian of Eq. ͑18͒ becomes
where the sum runs over all the components of the angular momentum and the form factors are expressed in the form
C being the restoring force parameter. Indicating with I and L the intrinsic angular momentum and the orbital angular momentum, respectively, we may write the radial energy in the form
This, in good approximation, may be rewritten as
where ⌽ (t) is the angular velocity. From the above expression one can immediately deduce that the effect of the angular momentum can be included by using the old results but with the substitution
It is clear that the transfer of angular momentum starts to be important at energy very close or above the Coulomb barrier where it will strongly influence the shape of the barrier distribution.
In order to include the transfer channels in the barrier penetration problem we will follow Ref. ͓11͔ where a consistent description of particle transfer and dissipation of energy in heavy ion reactions has been obtained by treating the transfer channels as mutually independent and also independent on the excitation of the collective surface modes. Here we will use the result that the transfer probability is quite small and that the large dissipated energy and large mass and charge drift are due to the very large number of transfer channels. From the hypothesis of independence we can immediately conclude that the characteristic function describing the properties of these reactions may be written as
here the product has to be taken over all neutron stripping (S), neutron pick-up ( P), proton stripping (S), and proton pick-up ( P) channels. For the case of neutron stripping one gets ͓12͔
where the sum has to be extended over all the single particle states of projectile (iЈ) and target (k). This expression has been obtained by using for the single-particle transfer form factor an exponential shape f kiЈ (r)Ӎe (rϪR 0 ) where defines the range of the form factor that is almost twice the one for inelastic processes. The function s( ki Ј ) weights the contribution of the different transfer channels ͑see Ref. ͓12͔͒. The collision time and the adiabaticity parameters are here defined by ϭ 1
where ⑀ and m are the energy and the magnetic quantum number identifying the single-particle state. With Q 0 we have indicated the optimum Q value for the transition. For the case of neutron transfer it may be assumed to be zero while for the case of proton stripping has the expression
In the above expressions with r 0 and ⌽ 0 we have indicated the radial acceleration and the angular velocity at the distance of closest approach r 0 for the given trajectory. In the estimation of the barrier penetration we will not include the contribution of particle transfer channels to the average energy loss but only their contribution to the energy spread. This is because the estimation of ͗E͘, through the sum over all single particle states, is diverging and its value will strongly depend on the assumed energy cutoff for the single particle form factor to vanish. We remind that the nuclear potential of Eq. ͑6͒ has been obtained via a best-fit procedure over elastic scattering data and part of the polarization is automatically included. We observe also that this polarization term is proportional to the square of the singleparticle form factors and thus has a shape that is very similar to the potential itself.
For the spread in energy we obtain
͑39͒
In the evaluation of the above expression we replace the sum over the discrete levels of projectile and target with an integral over a continuous distribution and we replace the single Since the different transfer modes are considered to be independent the total width of the distribution due to particle transfer is given by
where the index ␥ has been defined above. In conclusion the probability to have a given value E r of energy loss in radial energy may be written in the form
where G is a Gaussian distribution with standard deviation given by Eq. ͑41͒ and
In the above expressions the index n runs over all the surface modes included in the calculation and we have indicated with ͕N n ͖ the set of integers defining the occupation numbers of the surface modes. The fusion cross section may be thus calculated from Eq. ͑10͒ where the transmission coefficient is defined by
Before proceeding to the applications of the above formalism to the calculation of fusion data a last consideration about the definition in Eq. ͑12͒ of the transmission coefficient. The fact that the surfaces are not static but can vibrate will influence the penetrability of the barrier. As discussed in Ref. 
III. COMPARISON WITH THE DATA
In this section we will apply the above formalism, by using the program GRAZING ͓17͔, to the calculation of fusion excitation functions for a variety of target and projectile combinations focusing on systems where together with the excitation function also the barrier distribution could be obtained. Let us remind that the fusion cross section is calculated from Eqs. ͑10͒ and ͑44͒. It is thus clear that in our model, contrary to all other approaches where the barrier distributions are inferred from the excitation functions, in order to calculated the fusion cross sections we must first calculate the barrier distributions. They are energy dependent and their shapes are determined by the dynamics of the collision and by the properties of the intrinsic degrees of freedom of the colliding nuclei. Therefore, before going into the detail of the comparison with the experimental data, we will start by discussing the properties of the barrier distributions.
For the 36 Sϩ
90
Zr system we show in Fig. 1 , for the indicated center-of-mass energies, the calculated barrier distributions as a function of the parameter ⌬E that measures the uncertainty in the energy of radial motion due to the excitation of the intrinsic states ͑the zero of this scale corresponds to the center-of-mass energy E). At energies below the Coulomb barrier ͑for this system it is at Ӎ101 MeV) the barrier distribution maintains the same shape while at energies above it becomes smoother and wider. This behavior, as discussed in the theory section, is governed by the partial wave distribution of the fusion cross section, in fact at energies below the Coulomb barrier the average l value of the compound nucleus is essentially constant while it increases at larger energies thus contributing to smooth out the barrier distribution ͓see Eq. ͑33͔͒. The particle transfer degrees of freedom play a minor role and contribute, also, to smoothout the barrier distribution at higher energies.
In the following in comparing our barrier distributions with the experimental ones, extracted from the excitation functions, we will shift and scale the ''experimental data'' to superimpose on our calculated curves and we will show the barrier distribution calculated at an energy below the Coulomb barrier. The relative motion and the nuclear form factors for the excitation of the surface modes are determined, in our model, by the nuclear potential of Eq. ͑6͒ that has been determined by a best fit procedure of elastic scattering data on several target and projectile combinations. In order to have a better fit to the experimental data we introduce, in our formalism, two parameters. The first one ⌬R is a shift in the nuclear potential radius ͓see Eq. ͑6͔͒, while the second one s ␦ is a scaling of the correction ␦ to the reduced mass that enters in the calculation of the transmission coefficient ͓see Eq. ͑15͔͒. We thus make the following substitutions:
and ␦→s ␦ ␦.
͑46͒
We remember that Eq. ͑15͒ gives an estimation of ␦ only for the nuclear interaction, in actual cases one should also con- sider the Coulomb one that has a counter effect. With these two parameters we are able to achieve a reasonable overall description of the data. In Fig. 2 Zr systems in comparison with the experimental data. In the calculations we have included the low-lying 2 ϩ and 3 Ϫ states of target and projectile as reported in Table I and the potentials have been modified according to the parameters of Table II. For the system  36 Sϩ 90 Zr we report also the uncoupled excitation function. For these reactions it is interesting to understand the remarkable difference between the excitation functions of the two Zirconium isotopes since they have quite similar spectra. In Ref. ͓29͔ this difference has been tentatively ascribed to particle transfer channels, particularly to neutron transfer. In Fig. 3 we display for the 40 Caϩ 90, 96 Zr systems the evolution of the barrier distributions as a function of the target states included in the calculation. It is clear that the difference in the barrier distribution has to be ascribed to the strength on the 3 Ϫ state that is stronger in the case of 96 Zr. In Figs. 4 , 5, and 6 we show a systematic comparison of our calculations with the experimental data both for excitation functions and barrier distributions when they are available. When the same projectile or target is used for different targets or projectiles, the corresponding data are displayed in the same frame to facilitate the comparison. All the calculations have been performed by including the low-lying 2 ϩ and 3 Ϫ states of projectile and target and including all the transfer channels as discussed in the previous section ͑see Table I for the energy and strength of the inelastic states and  Table II Ce, we overestimate the fusion cross section in the high-energy part but, in this region, one should keep in mind that for those systems, at high energy, the fission channel starts to play an important role and this channel can account for part of the missing fusion cross section. For the cases displayed in the last figure ͑Fig. 6͒ discrepancies are clearly seen for the nickel on nickel and calcium on calcium reactions but our curves are of the same quality as the one of previous analyses, see, for instance, Ref. ͓36͔, where the influence of higher order couplings has been investigated.
IV. CONCLUSIONS
In this paper we have used the semiclassical model of Refs. ͓11,12͔, that incorporates on the same footing transfer channels and the inelastic excitation to the low-lying states to the calculation of excitation functions and barrier distributions. The systematics over several combinations of target and projectile demonstrates that the model gives an adequate description of the processes and stresses the importance of a proper treatment of the inelastic collective degrees of freedom in order to have a correct description of the dynamical evolution of the nuclear surfaces that dominates the process in question.
